There are two main sources of non-orthogonality in multicomponent shear-wave seismics: inherent non-orthogonal split shear waves arising from substantial ray deviation in off-symmetry planes due to strong anisotropy or complex overburden, and apparent non-orthogonal split shear waves in the horizontal plane due to variation of the angle of incidence even if the two shear waves along the raypath are orthogonal. Many techniques for processing shear-wave splitting in VSP data ignore these kinds of non-orthogonality of the split shear waves.
have reviewed these basic concepts, we then develop the algorithms for analysing the non-orthogonal shear waves. Full-wave synthetic data are used to evaluate the algorithms and to examine the effects of non-orthogonality on shear-wave estimates if orthogonality is incorrectly assumed. Finally, two VSPs (a near-offset and an offset VSP) from south Texas are presented to illustrate the effects of apparent nonorthogonality and the applications of the technique.
Basic concepts

Vector convolutional model
We consider a multicomponent geometry with three-component geophones and three orthogonal sources. The vector displacements at a VSP depth level generated by the three source motions on the surface are collected together in a single 3 x 3 data matrix D(t), given by where the column vectors correspond to sources, row vectors correspond to geophones, and mn(t) (m, 12 =x, y and z), represents the nz-source motion recorded by the n-geophone component. L4ssuming the earth is a linear system satisfying the convolution model, the data matrix D(t) may be described in the compact form (Zeng and MacBeth 1993a) :
D(t) = G(t) * M(t) JF S(t) + N(t)
(2) where the 3 x 3 matrix M(t) represents the medium response which contains information on the up-and downgoing qS1 (fast shear), ~$2 (slow shear) and @ (anisotropic compressional) waves. The multicomponent medium response is related to the Green's function for a whole space, the assumptions behind this are discussed further by Zeng and MacBeth (1993b) . G(t) is a matrix containing the instrument responses of orthogonal receivers at depth, usually directed along the acquisition x (in-line), y (cross-line), and z (vertical) directions. Ideally, when the variables are defined in the source coordinate frame (also the x-y-z-axes), S(t) is a diagonal matrix of source functions. The operations denoted by an asterisk are multiplication in the frequency domain or convolution in the time domain. N(t) is a depth-dependent noise term.
Before (2) can be applied to interpret the medium response, some preprocessing is required to compensate for the source and geophone responses, so that the matrices S(t) and G(t) are balanced and as close to the ideal unit matrix as possible. Source imbalance may be common in multicomponent VSPs due not only to acquisition errors, but in particular, to interconversion of P-and S-wave energy during transmission which causes an apparent imbalance between the in-line and cross-line sources. For VSPs, MacBeth etal. (1995) presented a deterministic deconvolution procedure for this purpose; for 4 X.- Y Li, C. MacBeth and S. C~ampirz multicomponent surface seismic data, Li (1994) proposed a statistical surface-consistent correction. In this study we assume that both source and geophone responses have been compensated for and that the noise term has been reduced to a minimum by noise reduction procedures. Thus the data matrix D(t) can be assumed to be M(t) after this preprocessing.
Lilzea~-t~aszsfol~nz technique for few-component data
A common system for shear-wave studies is the four-component (4C) geometry, with two horizontal sources recorded by two horizontal geophones, forming a 2 x 2 matrix (Alford 1986 ), D(t) = [ II;::1 ;;:r:l*
Equation (3) is the horizontal subset of the nine-component data matrix of (1). For shear-wave acquisition, these components are confined strictly to the horizontal plane for either normal or oblique incidence of qSI and qS2 waves propagating through an anisotropic half-space. For processing the 4C data, Li and Crampin (199 1, 1993b) introduced four linear transforms, g(t) = xx(t) -yy(t), x(t) = yx(t> -xy(t>. 
q(t) = q(t) "ryx(t). C(t) = yy(t) + xx(t),
For shear waves propagatin, 0 in uniformlv anisotropic media, the linear transform of (5) performs a singular-value decomposition of the vector wavefield, and the amplitude and polarization of the individual wave mode can then be easily determined, as demonstrated by . One common operation in VSP data processin, u is the rotation of an orthogonal coordinate system. The rotation matrix has some simple combinational properties [a(t), b(t) ], its major polarization axes [a'(t), b'(t) ], and polarization angle @ab. (b) Coordinate system for inherent non-orthogonal split shear waves with four-component acquisition geometry: source coordinate system (xs, ys), geophone system (XG, ye) with misorientation d!G, and polarization directions of the fast and slow split shear waves el and e a, with azimuthal angles +1 and &a, respectively. The convention for the definition of a positive angle is in a right-handed coordinate system, looking away from the origi.1 and measured clockwise; or looking towards the origin, measured anticlockwise.
with matrices IA and IB, which can help in calculating the linear transform of a rotated data matrix. For rotation through an angle cy and rotation matrix R, we have R(cY) = cos a! sin a -sin cx a 1 ; I , R((x) = R(a)I , ; I &(a) = RTb)I s (8) where superscript T represents the matrix transpose. Here in defining the rotation matrix, we follow the convention that in a right-hand coordinate system and looking away from the origin, a clockwise rotation is positive. Using the property of IA above and noting (5), we have
which shows that geophone rotation is transparent to the linear-transform operator. These properties will be useful for establishing the algorithms for processing the nonorthogonal split shear waves.
Polarization analvsis -polarization direction and covayiance matrix
As shown in Fig. l(a) , the direction of a polarization vector [a(t), b(t>lT is often defined as the direction of the major axis of the polarization trajectory. If q3ab is the angle between the major axis and a(t) (Fig. la) , then $ab is often referred to as the polarization direction or polarization angle. q5ab can be determined from the covariance matrix of vector [a(t), b(t>lT using eigenanalysis (Kanasewich 198 Following Kanasewich (1981) , the covariance matrix of vector [a(t), b(t) 
and tiab is given by
where tiab is the Jacobi rotation angle which minimizes the off-diagonal elements in the covariance matrix (10). Jacobi rotation is equivalent to rotating the axes a(t) and b(t) into the major and minor polarization axes a'(t) and b'(t) (Fig. 1 a) . The unrotated and the rotated polarization vectors are then given by As shown in Fig. 1 (a) , rotation maximizes one coordinate a'(t) and minimizes the other b'(t).
Processing algorithms
Here, assuming inherent non-orthogonality in near-offset VSPs and apparent nonorthogonality in offset VSPs, we develop the equations of a non-orthogonal split shear wave and present their extended LTT solutions for shear-wave polarizations and amplitudes.
Inherent non-orthogonalit-v iz zero-offset KSPs
Assume a 4C geometry with the shear-wave displacement fully confined in the horizontal plane as in the case of a zero-or near-offset VSP. Figure 1 (b) illustrates the coordinate system: xS, ys representing the source axes, x& yG representing the geophone axes, and unit vectors el and e2 representing the polarization directions of the fast (qS1) and slow (qS2) split shear waves, respectively. In downhole VSP recording, the directions of the source axes are often fixed, while the directions of the Oeophone axes may vary. b
This misorientation of source and geophone axes is represented by angle QG in Fig. 1 (b) . If substantial ray deviation occurs due to strong anisotropy or a complicated overburden, the polarization vectors el and e2 may not be orthogonal. This non-orthogonality is represented by angles ~5~ and $a, as shown in Fig. 1 (b) . Following , in a uniformly anisotropic media the 4C data matrix D(t) can be written in matrix form as 6 (degrees) Figure 2 . Variation of the degree of inherent non-or+hogonality with angle of incidence 19 for the five orthorhombic anisotropic materials in Table 1 , formed from a combination of crack and thin-layer anisotropy with the symmetry axis of the thin-layer anisotropy tilted 20" from the vertical. The percentage shear-wave anisotropy varies from 2 to 40%. Note that as the angle of incidence 8 approaches the tilted symmetry axis direction (203, the non-orthogonaiity gradually decreases, forming a minimum at angle 20". Here A~!I = &--+r-7r/2 represents the degree of inherent non-orthogonality. (14) R is the orthogonal rotation matrix; C is a coordinate transformation matrix comprising the direct cosines of the two polarization vectors el and e2; As(t) is the diagonal transfer function for the two split shear waves qSI and qS2. To quantify the non-orthogonality, we also define A$=$,-$,-; (1% as the degree of non-orthogonality of the two shear waves. Equation (14) consists of four independent equations but has five unknowns: the geophone azimuth a! G, the polarization azimuths $r and &, and the amplitudes qsI and qS2. There will be no unique solution unless further constraints are introduced.
Some reasonable and practical constraints include: (1) orthogonal shear waves, that is Ati = 0; (2) known geophone direction (XG; and (3) a small degree of nonorthogonality Ad, (less than 15") with unknown geophone direction. The first two cases effectively reduce the unknowns to four, and have been studied by . This paper will deal with the third case.
Ly~~~L~I! degree of ,~ol~-o~tlzogoIzalit~v (less than 15") adz mkrzown geophorze orientation
This may be a common case for near-offset VSPs. There may be two reasons for this. Firstly, ray deviation due to strong anisotropy and the resulting degree of nonorthogonality is often small and less than 15", as shown in Fig. 2 , where we calculated the degree of non-orthogonality for five anisotropic materials with orthorhombic symmetry and shear-wave anisotropy from 2 to 40% (Table 1 ). These materials (except CTL40, see Table 1 ) are formed from a combination of crack-and thin-layerinduced anisotropy according to Hudson (199 1) with the symmetry axis of the thinlayer anisotropy tilted 20" from the vertical. (The polarization directions are calculated by solving the Kelvin-Christoffel equation, see Musgrave (1970) ). One can see that for up to 40% anisotropy (CTL40, the solid line), the inherent nonorthogonality is about 16" at vertical incidence. Figure 2 also shows that in most cases of weak anisotropy (l-5% shear-wave anisotropy) and raypaths away from singularities, inherent non-orthogonality will be small (less than 5"). Secondly, the geophone orientation in a near-offset VSP is often unknown and cannot be determined accurately unless a gyroscope was used. It is necessary to develop an algorithm for handling this case. The basic problem is how to estimate the geophone orientation from (14), based on the assumption of small A$. For this we examine the linear-transform of D(t) first. Applying (5) to (14) and noting (9) The degree of non-orthogonality 4$ = &---6i-~-/2 and the geophone orientation aG are completely determined by the column vector [x(t), {(t)lT, which may then be used to estimate the geophone orientation based on the assumption of a small degree of non-orthogonality. For this, we re-write [x(t), c(t)] T in terms-of the degree of nonorthogonality 44, and switch over the sequence as [c(t), x(t)].':
( 1 9) In deriving (18), we used the combinatorial properties of the rotation matrix with matrix IB in (8).
For a small 44 (less than 15"), the displacement b'(t) will be at least 25% smaller than a'(t), as revealed in (19). Thus a'(t) and b'(t) will be very close to the major and minor axes of the polarization vector [c(t), x(t)lT. Comparing (12) with (18) gives
00)
where +TX is the polarization direction of vector [c(t), x(t>lT given by (11). Thus the geophone orientation can be estimated from the second column vector of LTT[D(t)] for a small degree of non-orthogonality. Once the geophone angle is estimated, we can rotate the geophones and estimate the polarization of the split shear waves using the method for known geophone orientation, as shown in the Appendix.
Here the advantage of using the linear transform (4) lies in the fact that after the transformation, not only are the amplitudes separated from the polarization angles in (17), but also the geophone orientation and the degree of non-orthogonality are isolated from the polarization azimuth QJ~ in (17), which makes it possible to evaluate the effects of non-orthogonality on the estimation of geophone orientation. We can summarize the procedures for processin, 0 4C VSPs with inherent non-orthogonall! polarized shear waves as follows: 1 Calculate LTT[D(t)] using (4) or (5).
Estimate the geophone orientation QG from the second column vector of LTT[D(t)] based on (11) and (20). 3 Correct the geophone orientation and calculate DR(t) = R(aG)D(t). 4 Calculate LTT[DR(t)] using (4) or (5).
§ Solve LTT[DR(t)] for the polarizations and amplitudes of fast and slow split shear waves using (A7), (A9), (AlO) and (Al 1) in the Appendix.
Interpreting non-orthogonal split shear waves 1 I 
Apparent non-orthogonalit> in offset VSPs
In offset VSPs, waves propagate at oblique incidences, and the recorded polarizations will appear non-orthogonal if viewed only in the horizontal recording plane. As shown in Fig. 2 and discussed above, inherent non-orthogonality will be small (less than 5") in most cases of weak anisotropy (l-5% shear-wave anisotropy) and raypaths away from singularities. Thus we will only consider apparent non-orthogonality due to projection in offset VSPs. As the polarization vectors are defined in the three-dimensional space, we have to consider the 9C data matrix generated from three orthogonal sources and geophones, and use three-dimensional rotation matrices. Again our rotation convention is a righthanded coordinate system, looking away from the origin and rotating clockwise. Figure 3(a) shows the geometry and coordinate system for a 9C offset VSP. We assume the sources and geophones are aligned in the same direction, forming a righthanded coordinate system (x-y-~) with the z-axis vertically downwards (Fig. 3a) . Here subscripts S and G are omitted for simplicity because the source and geophone are assumed to be aligned in the same direction. We further assume mutual orthogonal polarizations of the three body waves with the @ wave confined in the vertical acquisition plane (the (x-a)-plane) and separated from the two split shear waves. Note that these assumptions are only possible for simple geological structures with weak anisotropy, small lateral heterogeneities, and ravpaths away from d singularities. Only in offset VSPs acquired for such cases, may the deviation of the qPwave polarization from the vertical plane be ignored, and the geophone orientation be determined from the incident qP-wave, any misorientation corrected accordingly. As shown in Fig. 3(a) , we introduce three planes based on an Euler construction: plane A is the horizontal (x-y)-plane containing the two horizontal geophones, plane B is the vertical acquisition plane, and plane C is the dynamic plane perpendicular to the raypath. It is always possible to construct plane C so that it intercepts plane A along the y-axis. Thus the y-axis lies in both planes A and C, and (x', y, z') forms the dynamic coordinate system for the polarization vectors el, e2 and ep (Fig. 3a) . We use the Euler angles to define the polarization vectors: the incidence angle 19, and the polarization angle d of the fast split shear-wave (@I) measured from the y (y') axis in the dynamic plane C (Fig. 3a) . In practice the polarization angles to be determined are the two shear-wave azimuthal angles 41 and &, as projected in the horizontal plane (Fig. 3b) , which are related to the Euler angles by -1 tan& = -tanq tand cos0
; tan& = c od . cm Equation (21) can be easily obtained from the direction cosines of the polarization vectors el and e2 which can be expressed either in terms of the Euler angles 19 and 4 in Fig. 3(a) , or in terms of the dip angles y1 and y2 and the azimuthal angles +1 and $Q in Fig. 3(b) . Equation (2 1) can be used to examine the variation of apparent nonor-J-logon&y with the angle of incidence. As shown in Fig. 4 , apparent nonor-ogonality increases significantly as the angle of incidence increases, and the degree of inherent non-orthogonality for weak anisotropy (less than 5%) may be negligible compared with the degree of apparent non-orthogonality in offset VSPs. In a manner similar to the derivation of (14) for 4C acquisition, the 9C data matrix (1) can be written as D( [) = R-;(@R; (n/2 + &W)R&r/2 + &RJQ WI Lvhere R,, (6) is a three-dimensional rotation about the (raypath) z/-axis, and R,,(0) is a three-dimensional rotation about the transverse y-or y/-axis, given by --sin+ co@ 0 which performs the coordinate transform from the acquisition system (2, y,' z) to the dynamic system (x', y', z') and in tclrn to the eigensystem (el, e2, eP), and vice versa. To consider shear waves only, we can let @(t) = 0 in the propagator matrix A(t), which yields the projected 4C shear-wave subset on the horizontal plane of observation as where R is a 2 x 2 rotation matrix as defined in (8), and A,(t) is the shear-wave transfer matrix. Although (24) has only four unknowns for four equations, it is not possible to determine the cos 8 factor easily and uniquely. For simple geological structures with weak anisotropy and small lateral heterogeneity, the angle 19 may be determined separately by including a six-component data matrix, or by ray tracing if the velocity model is known. If the angle of incidence is known, we can correct for the effects of the angle of incidence by applying a depth-varying scaling factor, yielding 
where A,'(t) is the linear transform of As(t), and 44rl is the polarization angle of vector Lm s(t>lT, g' iven by (11). A,(t) can then be determined using the inverse transform in (7), and the polarization azimuths 4i and & can be determined using (21). To sum up, the procedures for processing apparent non-orthogonal split shear waves in offset VSPs are as follows: 1 Compensate for source and geophone response, and estimate the angle of incidence by ray tracing, or from 6C or 9C data using a qP-or qSKpolarization vector in the vertical acquisition plane (x, z). 2 Calculate D&t) using (25) by applying an angle of incidence dependent scaling factor to D(t). 3 Find LTT[D&t)] using (5). 4 Solve for the polarization angle + and the shear-wave amplitude As(t) from (27). 5 Finally, find the projected shear-wave polarization azimuths @1 and & on the horizontal plane using (2 1).
Synthetic data analysis
The non-orthogonal processing algorithms proposed above are tested by applying them to full-wave synthetic VSPs computed by the reflectivity method using ANISEIS (Taylor 1990 ) for a homogeneous anisotropic half-space. Processing methods assuming orthogonal split shear waves (Li and Crampin 1991; Zeng and MacBeth 1993b) are also applied to these synthetics to examine the effects of nonorthogonal shear waves on shear-wave measurements.
In order to simulate inherent non-orthogonality in zero-offset VSPs, we 'buried' one three-component geophone 1000 m vertically below the source in an anisotropic halfspace and calculated the synthetic seismogram recorded at this geophone for 12 different orthorhombic anisotropic materials formed from a combination of crack and thin-layer anisotropic materials with the symmetry axis of the thin-layer anisotropy tilted 30" from the vertical. The percentage shear-wave anisotropy ranges from 2 to 4O"h, and results in a variation of inherent non-orthogonality from 1' to 15". Table 1 shows the elastic constants for five of these materials, and the rest are artificially interpolated from these five materials.
The materials correspond to a typical range of fractured-sandstone/chalk reservoirs, as found in the North Sea. Materials CTL02 and CTL05, with background P-wave velocities of 3865 and 3744 m/s, and S-wave velocities of 2 105 and 1986 m/s, respectively, correspond to fractured-chalk reservoirs, and are most likely to be found in the central North Sea (Foster and Rattey 1993) . Materials CTLlO and CTL20, with background P&wave velocities of 3405 and 3203 m/s, and S-wave velocities of 1726 and 1348 m/s, respectively, correspond to fracturedsandstone reservoirs, such as those found in the Clair field (Coney et al. 1993 ). These types of lithology combined with structural complexity, such as salt flank, and tilted fault block, can result in non-orthogonally polarized split shear waves in VSPs. Using these materials, we obtained a synthetic data matrix with 12 traces at zero offset. For each calculation of the synthetic trace, the crack strike (and hence the qS1 polarization azimuth) is fixed at 30", and the geophone orientation varies randomly.
Different processing algorithms are applied to the 12 synthetic traces to estimate the qS1 and qS.2 polarization azimuths and the geophone orientation, and the results are compared with the model parameters (expected values) to examine the effects of non-orthogonality (Fig. 5) . The results using the algorithm without taking account of the non-orthogonality of the split shear wave based on Li and Crampin (199 1) are shown in Fig. S(a) ,and are referred to as orthogonal results; the results using the processing algorithm for inherent non-orthogonal waves based on (17) are shown in Fig. 5(b) , and are referred to as non-orthogonal results. The solid lines are the design parameters for polarization azimuths 4i and $a and the geophone orientation o!G; the dotted lines are the corresponding measured results using the processing algorithms.
As shown in Fig. 5(a) , if orthogonality is incorrectly assumed, the errors in measuring the polarization azimuths 4i and q& increase with inherent nonorthogonality of the data. The error is significant when the degree of nonorthogonality A+ exceeds 5". In this case, the non-orthogonality within the data may not be neglected. One typical feature of the polarization measurements ($i) obtained ignoring non-orthogonality is the consistent decreasing trend as the nonorthogonality decreases (Fig. 5a ). In contrast, as shown in Fig. 5(b) , the Angles (degree) Figure 5 . Effects of inherent non-orthogonality: shear-wave polarization measurements vs. expected parameters. (a) The polarization measurements $r and $a, and geophone orientation o!G calculated using the orthogonal algorithm in the Appendix, equation (A6), which assumes orthogonality and ignores the inherent non-orthogonality; (b) the corresponding measurements using the processing sequence in the text which assumes a small degree of nonorthogonality (less than 15").
polarization azimuths 4i and & can both be determined accurately using the nonorthogonal algorithm. Both the orthogonal and non-orthogonal algorithms can estimate geophone orientation with sufficient accuracy (Fig. 5a,b) , which confirms that the effects of non-orthogonality on the estimation of geophone orientation is small and negligible, as implied by (20).
E#ecu qf apparent Izoll-o~tlzo~orzalt~l
In order to simulate apparent non-orthogonality in offset VSPs, we distribute 12 geophones along an arc with a radius of 1000 m from the source and angles of incidence ranging from 0" to 50" in an anisotropic half-space. The anisotropic material chosen is CTL02 with 2% shear-wave anisotropy; the largest inherent nonorthogonality of this material is less than 5" for all angles of incidence up to 50" (shortdash line, Fig. 2 ). The correct polarization azimuths taking into account ray deviation for all angles of incidence are calculated by solving the Kelvin-Christoffel equation (Musgrave 1970; Crampin 198 1) and are referred to as expected values. The anisotropic material is rotated by 30" giving a polarization azimuth of 30" at vertical incidence. The full-wave synthetic is calculated for this model using ANISEIS. We also applied both the orthogonal algorithms and the algorithm for apparent nonorthogonality to the full-wave synthetic data matrix. The results are shown in Fig. 6 .
Firstly, we can see that the expected polarization azimuth +1 of the fast split shear wave (the solid line), as solved using the Kelvin-Christoffel equation, is quite stable as the angle of incidence changes, while the polarization azimuth of the slow shear lvave varies significantly. This is because the qS1 polarization is confined to the symmetry plane and hence is less affected by the anisotropy, while the qS2 is polarized outside the symmetry plane. Secondly, we can see again that if orthogonality is incorrectly assumed, the errors in measuring the polarization azimuth increase with the angle of incidence; the error is significant when the angle of incidence exceeds 20" (Fig. 6a) . A similar decreasing trend in the polarization measurements, ignoring the non-orthogonality, can be observed as the angle of incidence, and hence the apparent non-orthogonality, decreases (Fig. 6a) . In contrast the measured 41 using the nonorthogonal algorithms are close to the expected values for all angles of incidence, although some of the non-orthogonal measurements & at large angles of incidence are slighted deviated (Fig. 6b) .
To sum up, when the inherent non-orthogonality exceeds 5" and the angle of incidence exceeds 20" for about 2% shear-wave anisotropy, the errors in the ( > polarization measurements become significant, in which case non-orthogonality ma! have to be considered. Polarization measurements ignoring the non-orthogonality show a consistent decreasing trend as non-orthogonaliq-decreases.
Field data example
We use a near-offset VSP and an offset VSP from a well in BP's test site at Devine, Texas, to demonstrate the effects of the non-orthogonal split shear waves and to illustrate the application of the non-orthogonal techniques. Previous studies in this area include those by Raikes (1991) , Li, Mueller and Crampin (1993b) and Yardley (1993) . Here, we demonstrate how a systematic error in shear-wave measurements resulting from ignoring the apparent non-orthogonality is removed with the correct treatment. This helps in achieving a consistent and correct interpretation of the shear measurements. Figure 7 shows the acquisition geometry and the 4C data matrices for the two VSPs: WI, the near-offset VSI?, and W2, the offset VSP. The data matrices are displayed for every second trace with a vector gain to maintain the relative amplitudes between the components. The presence of coherent arrivals in the off-diagonal elements of the data matrices indicates shear-wave splitting (Fig. 7b,c) . There are some inconsistencies in the shear-wave polarization measurements @I~ made for the two VSPs using orthogonal algorithms, as shown in Fig. 8(a) . The polarization azimuth C$~ of W2 (the offset VSP) shows a consistent decrease with depth, and a large deviation from that of Wl (the near-offset VSP) above 500 m (Fig. 8a) . Note that the time delay At between the two split shear waves also shows a consistent difference between the two VSPs (Fig. 8b) . The time delay of the offset VSP is smaller than the near-offset VSP, although the raypath in W2 is longer than the corresponding raypath in Wl. This is expected for shear waves propagating in an azimuthally anisotropic medium, for which the delay decreases as the angle of incidence increases until it reaches the singularity (Yardley 1993) . The time delay of Wl (the solid line, Fig. 8b ) is about 10 ms at about 300 m depth and 400 ms shear-wave first-break time, which gives rise to an overall shear-wave anisotropy of = 2.5%. We now investigate the cause of the consistent decreasing trend of the polarization measurement +1 for W2 and its deviation from +1 for WI. It has been noted that complexities exist in the near-surface, but they appear to have little effect on the shear wave (Raikes 199 1; Yardley 1993) . Small changes in source balance and orientation may also exist, but these are not significant enough to affect the polarization measurements (Yardley 1993) . Noise or data inconsistency due to acquisition errors can be immediately ruled out by examining the data matrices in Fig. 7(b,c) , as W2 shows good and coherent direct shear-wave arrivals (Fig. 7b) . One likely cause is the ignoring of any possible non-orthogonality, which tends to introduce a consistent decreasing trend in polarization measurements, as demonstrated in Figs 5(a) and 6(a). Considering the fact that the overall anisotropy is small (about 2-3%), and the structure in this area consists of simple horizontal layers , the most likely source of non-orthogonality is apparent non-orthogonality due to variation of the angle of incidence. As the depth increases, the angle of incidence generally decreases, and hence the degree of non-orthogonality decreases.
To confirm this, we apply the processing procedure for apparent non-orthogonality to the data matrix W2 in Fig. 7(c) . The corresponding results +1 and At are shown in Fig. 8(c,d) . The systematic error (the decreasing trend and the deviation) in orthogonal measurements of $1 (dotted line, Fig. 8a ) is removed in the non-orthogonal measurement of +i (solid line, Fig. 8c) , and the measurement is more consistent with that of WI (Fig. 8~) . However, the time-delay measurements remain almost the same. Note that to correct the apparent non-orthogonality, the determination of the angle of incidence is a key step. Here, we use anisotropic ray tracing through the velocity model built from sonic logs from the same well (Fig. 9) . The angle of incidence varies from 40" to 20", and at about 700 m depth there is jump in the angle of incidence because of the high-velocity layer (Fig. 9d) . Note that it is hard to match the predicted angles of incidence with the observed ones because of complexities in the near-surface as noted by Raikes (199 1) and Yardley (1993) . However, the modified algorithm proposed here appears very robust to perturbations of angles of incidence, as demonstrated by . They estimated the angle of incidence from acquisition by assuming isotropic straight rays, which also yielded results with sufficiently accuracy.
-Apparent non-orthogonality in offset VSPs due to variation in the angle of incidence is recognized in the literature, and a common way of correcting for this is to measure the polarization in the dynamic plane (plane C in Fig. 3 ). Less well recognized is that, in doing this, the polarization azimuth must then be recovered for interpretation in the horizontal plane using (2 1). To demonstrate the point, Fig. 1 O(a) shows the polarization estimates of W2 made in the dynamic plane, adapted from Yardley (1993) . These are then compared with the polarization azimuths made in the horizontal plane before and after correction for the apparent non-orthogonality (Fig.  lob) . The polarization estimate in Fig. 10(a) made from the dynamic plane is equivalent to angle 4 in Fig. 3 , and is similar to the polarization azimuth determined from the horizontal plane without correction for the apparent non-orthogonality (the dotted line in Fig. 1 Oa). This is further confirmed in Fig. 11 where we compare the particle motions in the horizontal plane before (Fig. 1 la) and after (Fig. 11 c) correcting for apparent non-orthogonality with those in the dynamic plane (Fig. 11 b) . The major axes of the particle motions in Fig. 11 (a,b) for a given depth are very similar, and they gradually rotate as the depth increases. However, the major axes of the particle motions in Fig. 11 (c) after correcting for apparent non-orthogonal@ are relatively consistent with depth. Thus, the method proposed here is more robust and straightforward due to the additional processing errors and difficulties that may be introduced in transforming the data from the horizontal plane to the dynamic plane.
Discwssion and conclusions
It is generally accepted that the two split shear waves may not be orthogonal due to strong anisotropy, structural variation and geometrical factors. However, it is common to ignore this non-orthogonality during data processing, despite the fact that there is little understanding of the extent to which this will affect the shear measurements. To tackle the problem, we have extended the linear-transform technique of to a more general case of non-orthogonality including inherent non-orthogonal split shear waves with unknown geophone 0 1998 European Association of Geoscientists & Engineers, Geophysical Prospecting, 46, C. MacBe; h and S. Crampin orientation in zero-offset VSPs and apparent non-orthogonal shear waves in offset VSPs, and tested the algorithms using both synthetic and real data. These techniques enable accurate measurement of shear-wave polarizations in the presence of a general non-orthogonality and isolate the effects of non-orthogonality from other acquisition factors such as unknown geophone orientation and near-surface effects. This provides the chance for improving and correctly interpreting the shear-wave measurements for fracture characterization.
Applications to both synthetic and real data show that errors in polarization measurements increase with the degree of non-orthogonality, which introduces a consistent decreasing trend in the polarization measurements if orthogonality is incorrectly assumed. However, the effects of non-orthogonality on the estimation of geophone orientation and time delays of the two split shear waves are small and negligible in most realistic cases (Figs 5 and 8) . Furthermore, for most cases of weak anisotropy (less than 5 % shear-wave anisotropy), apparent non-orthogonality may be more common and significant than inherent non-orthogonality, as shown in the theoretical study of Figs 2 and 4, and in the field data example (Figs 7 and 8) . Nevertheless, for strong anisotropy (more than 10% shear-wave anisotropy) with complicated structure (tilted symmetry axis), inherent non-orthogonality may no longer be negligible (Fig. 2) .
We conclude from our study that ray deviation due to strong anisotropy, complicated structure and variation of the angle of incidence can lead to non-orthogonal split shear waves in the horizontal plane, which will affect the shear-wave polarization measurements. If orthogonality of split shear waves is incorrectly assumed, errors in estimating the shear-wave polarization will increase as ray deviation and the angle of incidence increase. The extended linear-transform techniques can be used to examine these effects and isolate them from other acquisition factors. The non-orthogonal techniques permit accurate recovery of polarization measurements in the presence of significant non-orthogonality where other' techniques often fail. pa be the geophone-rotated data matrix gives 
642)
The time invariant geometrical terms involving the poiarization angles $i and q5a are isolated from the time series qS1 (t) and qS2 (t), which facilitates simple arithmetic solutions of the polarization angles and time series. Letting
U(t) = [qSl(t) -qS2(t)]lsin(& -&),
and substituting into (A2), and making some rearrangemen gives
643) (A4) m> = qsw + qS2(t)
and [i@; j = U@> [ :;)l&+>;i,j; [ @1(t;;;s2(r) ' = &, 7rl2 -q5-= (bx-x, 649) where the right-hand terms in (A9) are the polarization angles defined by (11).
! = U(t)
Introducing
x+(t) = @l(t) + qS2(t), K(t) = qSl(t) -qS2(t),
Note that time series X-(t) = qSI (t) -qSZ (t) is in phase with the time series U(t)
(they have the same sign function sgn), as indicated by (A3), and can be determined from x(t) and U(t) in (As) as
qSl(t) -qS2(t) = sgn[U(t)]-JU"(t) -x'(t), (AlO)
where
U(t) = y(t)cos$--4[(t)sin$-. (All)
Once the time series x-(t) = X'qSI (t)-qS2 (t) and(t) = qS1 (t) + qS2 (t) and the angles $-=@2-& cyv8 $+=&i-& are determined, the shear-wave amplitudes and polarizations can then be easily determined by simple reverse transforms. To sum up, the advantage of using the linear transform of (5) lies in the fact that after the transformation, the amplitudes are separated from the polarization angles in (A2) and this enables effective determination of the amplitudes and the polarization angles using polarization analysis.
